New generalized Poisson structures are introduced by using suitable skewsymmetric contravariant tensors of even order. The corresponding 'Jacobi identities' are provided by conditions on these tensors, which may be understood as cocycle conditions. As an example, we provide the linear generalized Poisson structures which can be constructed on the dual spaces of simple Lie algebras. †
Introduction
About twenty years ago, Nambu 1 proposed a generalization of the standard classical Hamiltonian mechanics based on a three-dimensional 'phase space' spanned by a canonical triplet of dynamical variables and on two 'Hamiltonians'. His approach was later discussed by Bayen and Flato 2 and in 3 , 4 . The subject laid dormant until recently when a higher order extension of Nambu's approach, involving (n − 1) Hamiltonians, was proposed by Takhtajan 5 (see 6 for applications).
Another subject, closely related to Hamiltonian dynamics, is the study of Poisson structures (PS) (see 7, 8, 9 ) on a (Poisson) manifold M. A particular case of Poisson structures is that arising when they are defined on the duals of Lie algebras.
The class of the linear Poisson structures was considered by Lie himself 10, 11 , and has been further investigated recently 12, 13, 14 . In general, the property which guarantees the Jacobi identity for the Poisson brackets (PB) of functions on a Poisson manifold may be expressed 7, 15 as [Λ, Λ] = 0 where Λ is the bivector field which may be used to define the Poisson structure and [ , ] is the Schouten-Nijenhuis bracket (SNB) 16, 17 . In the generalizations of Hamiltonian mechanics the Jacobi identity is replaced by a more complicated one (the 'fundamental identity' in 5 ).
The aim of this paper is to introduce a new generalization of the standard PS. This will be achieved by replacing the skew-symmetric bivector Λ defining the standard structure by appropriate even-dimensional skew-symmetric contravariant tensor fields Λ (2p) , and by replacing the Jacobi identity by the condition which follows from [Λ (2p) , Λ (2p) ] = 0. In fact, the vanishing of the SNB of Λ (2p) with itself allows us to introduce a generalization of the Jacobi identity in a rather geometrical way, and provides us with a clue for the search of generalized PS. As a result, we differ from other approaches 1,5 : all our generalized Poisson brackets (GPB)
involve an even number of functions, whereas this number is arbitrary (three in 1 )
in earlier extensions. Since the most important question once a new Poisson structure is introduced is to present specific examples of it (in other words, solutions of the generalized Jacobi identities which must be satisfied), we shall exhibit, by generalizing the standard linear structure on the dual space G * to a Lie algebra G, the linear Poisson structures which may be defined on the duals of all simple Lie algebras. The solution to this problem has, in fact, a cohomological component:
the different tensors Λ (2p) which can be introduced are related to Lie algebra cohomology cocycles. We shall also discuss here the 'dynamics' associated with the GPB but shall leave a more detailed account of our theory and its cohomological background to a forthcoming publication 18 .
Standard Poisson structures
Let us recall some facts concerning Poisson structures. Let M be a manifold and F (M) be the associative algebra of smooth functions on M.
is an operation assigning to every pair of functions f 1 , f 2 ∈ F (M) a new function {f 1 , f 2 } ∈ F (M), which is linear in f 1 and f 2 and satisfies the following conditions: a) skew-symmetry
The identities (2.1),(2.3) are nothing but the axioms of a Lie algebra; thus the space F (M) endowed with the PB {·, ·} becomes an (infinite-dimensional) Lie algebra, and M is a Poisson manifold.
Let x j be local coordinates on U ⊂ M and consider PB of the form
Since Leibniz's rule is automatically fulfilled, ω ij (x) defines a PB if ω ij (x) = −ω ji (x) (eq. (2.1)) and eq. (2.3) is satisfied i.e., if
The requirements (2.1) and (2.2) imply that the PB may be given in terms of a skew-symmetric biderivative, i.e. by a skew-symmetric bivector field ('Poisson bivector') Λ ∈ ∧ 2 (M). Locally, of all smooth vector fields on M. In local coordinates
We recall that the tensor ω jk (x) appearing in (2.4), (2.6) does not need to be nondegenerate; in particular, the dimension of a Poisson manifold M may be odd.
Only when Λ has constant rank 2q (is regular) and the codimension (dimM − 2q) of the manifold is zero, Λ defines a symplectic structure.
Linear Poisson structures
A real finite-dimensional Lie algebra G with Lie bracket [ ., .] defines in a natural way a PB { ., .} G on the dual space G * of G. The natural identification G ∼ = (G * ) * , allows us to think of G as a subset of the ring of smooth functions F (G * ). Choosing a linear basis { e i } r i=1 of G, and identifying its components with linear coordinate functions x i on the dual space G * by means of x i (x) = x, e i for all x ∈ G * , the fundamental PB on G * may be defined by
using that [e i , e j ] = C k ij e k , where C k ij are the structure constants of G. Intrinsically, the PB {., .
It is associated to the bivector field Λ G on G * locally written as .5)) is just the Jacobi identity for G, which may be written as
Let β be a closed one form on G * . The associated vector field
is an infinitesimal automorphism of Λ G i.e., 6) and [X f , X g ] = X {f,g} (eq. (2.8)); this is proved easily using that L X f g = {f, g} and L X f Λ G = 0. It follows from (3.3) that the Hamiltonian vector fields X i = i dxi Λ G corresponding to the linear coordinate functions x i , have the expression (cf.
(2.9))
so that the Poisson bivector can be written as
notice that this way of writing Λ G is of course not unique. Using the adjoint
the vector fields X Ci provide a realization of adG in terms of vector fields on G * .
Generalized Poisson structures
A rather stringent condition needed to define a PS on a manifold is the Jacobi identity (2. Having this in mind, let us introduce first the GPB.
#1 Notice that the algebra of multivector fields is a graded superalgebra and that the degree of a multivector A is equal to (order A − 1). Thus, the standard PS defined by Λ is of even order (two) but of odd degree (one). Let x j be local coordinates on U ⊂ M. Then the GPB has the form as a result of (4.2). In terms of a skew-symmetric tensor field of order 2p the generalized Poisson structure is defined by Let us now define the dynamical system associated with the above generalized
Poisson structure. Namely, let us fix a set of (2p − 1) 'Hamiltonian' functions
. . , H 2p−1 and consider the systeṁ As an example of these generalized Poisson structures we now show succinctly that any simple Lie algebra G of rank l provides a family of l generalized linear
Poisson structures, and that each of them may be characterized by a cocycle in the Lie algebra cohomology.
Generalized Poisson structures on the duals of simple Lie algebras
Let G be the Lie algebra of a simple compact group G. In this case the de Rham cohomology ring on the group manifold G is the same as the Lie algebra cohomology ring H * 0 (G, R) for the trivial action. In its Chevalley-Eilenberg version the Lie algebra cocycles are represented by bi-invariant (i.e., left and right invariant and hence closed) forms on G 20 (see also, e.g., 21 ). For instance, if using the Killing metric k ij we introduce the skew-symmetric order three tensor
this defines by left translation a left-invariant (LI) form on G which is also rightinvariant. The bi-invariance of ω then reads
where the e i are now understood as LI vector fields on G obtained by left translation from the corresponding basis of G = T e (G). Eq (5.2) (the Jacobi identity) thus implies a three cocycle condition on ω; as a result H 3 0 (G, R) = 0 for any simple Lie algebra as is well known. In terms of the standard Poisson structure, this means that the linear structure defined by (3.3) is associated with a non-trivial two-cocycle on G and that [Λ (2) , Λ (2) ] = 0 (eq. (3.4) ) is precisely the cocycle condition. This indicates that the generalized linear Poisson structures on G * may be found by looking for higher order cocycles.
The cohomology ring of any simple Lie algebra of rank l is a free ring generated by the l (primitive) forms on G of odd order (2m − 1). These forms are associated with the l primitive symmetric invariant tensors k i1...im of order m which may be defined on G and of which the Killing tensor k i1i2 is just the first example. For the A l series (su(l + 1)), for instance, these forms have order 3, 5, . . . , (2l + 1); other orders (but always including 3) appear for the different simple algebras (see, e.g., 21 ). As a result, it is possible to associate a (2m−2) skew-symmetric contravariant primitive tensor field linear in x j to each symmetric invariant polynomial k i1...im of order m.
The case m = 2 leads to the Λ (2) of (3.3), (3.8). We shall not describe the theory in detail, and limit ourselves to illustrate the main theorem below with an example. 
defines a generalized Poisson structure on G.
Proof: The theorem is proved using that the SNB [Λ (2m−2) , Λ (2m−2) ] is zero due to the cocycle condition satisfied by ω ρl2...l2m−2σ . In particular
where ω i1...i2m−2 σ are the 'structure constants' defining the (2m − 1) cocycle and hence the generalized PS. In fact, it may be shown that different Λ (2m−2) , Λ (2m
tensors also commute with respect to the SNB and that they generate a free ring.
#2 The origin of (5.3) is easy to understand since given a symmetric invariant polynomial k i1...im on G, the associated skew-symmetric multilinear tensor ω i1...i2m−1 is given by ω(e i1 , . . . , e i2m−1 ) = Note. The requirement of compactness is introduced to have a definite KillingCartan metric which then may be taken as the unit matrix; this allows us to identify upper and lower indices.
Example (Generalized PS on su(3) * ) Let G = su(3). Besides the Killing metric (which leads to the standard linear PS on the dual space su(3) * ), su (3) admits another symmetric ad-invariant polynomial which may be expressed as Tr(λ i {λ j , λ k }) = 4d ijk (the d ijk are the constants appearing in the anticommutator of the Gell-Mann λ i matrices, {λ i , λ j } = GPB. We refer to 18 for further details concerning the mathematical structure of the GPB and the contents of the associated generalized dynamics and its quantization. We shall conclude here by saying that this analysis could be extended to
Lie superalgebras and super-Poisson structures.
